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2.1 1 KZ
$X=X(X_{0}, X_{1})=C\{X_{0}, X_{1}\}$ $X_{0},$ $X_{1}$ $C$ Lie
, $\mathcal{U}(X)=C\langle X_{0},$ $X_{1}\}$ , $X_{0},$ $X_{1}$
. Lie , $\mathcal{U}(-\mathfrak{T})$
($\mathcal{U}(X)$ ). , $=\hat{\mathcal{U}}(X)=C\langle\langle X_{0},$ $X_{1}\rangle\}$
$\mathcal{U}(\sim \mathfrak{T})$ , $X_{0},$ $X_{1}$
.
, $P^{1}$ $0,1,$ $\infty$ Fuchs
$\frac{dG}{dz}=(\frac{X_{0}}{z}+\frac{X_{1}}{1-z})G$ (1)




$\mathfrak{h}$ . $\mathfrak{h}=C\langle x_{0},$ $x_{1}\}$ $x_{0},$ $x_{1}$ .
$\mathfrak{h}$ $\circ$ ( ) , ( ) 1
. , $\circ$ $\mathfrak{h}$ $u!$ .
1 $w=w$ $1=w$ ,
$(a_{1}\circ w_{1})$ $((\iota_{2}\circ w_{2})=a_{1}\circ(\uparrow v_{1}$ $(a_{2}ow_{2}))+r\iota_{2}\circ((a_{1}ow_{1})$ $w_{2})$ .
$(\mathfrak{h}, \iota u)$ . , $x_{1}$
.
$\circ$ $\mathfrak{h}^{0}=$ Cl $+\mathfrak{h}x_{1},$ $\mathfrak{h}^{10}=$ Cl $+x_{0}\mathfrak{h}x_{1}$ . $\mathfrak{h}^{0}$ (
$\mathfrak{h}$ , $\mathfrak{h}^{10}$ $x_{1}$ $x_{0}$ ,
$\mathfrak{h}$ $u!$ - . , $\mathfrak{h}^{0},$ $\mathfrak{h}^{10}$
.
$\mathfrak{h}=\bigoplus_{n=0}^{\infty}\mathfrak{h}^{0}u!x_{0}^{\iota un}(=\mathfrak{h}^{0}[x_{0}])$ , (2)
$= \bigoplus_{m,n=0}^{\infty}\mathfrak{h}^{10}$ $x_{0}^{11!m}$ $x_{1}^{u!n}(=\mathfrak{h}^{10}[x_{0}, x_{1}])$ . (3)
$\mathfrak{h}$
$\mathfrak{h}^{0}$
$x_{0}$ $u|$- , $\mathfrak{h}^{10}$ $x_{0},$ $x_{1}$ $\iota u$- .
, , $reg$ , reg$1$ .
reg*(w) $=$ (2),(3) $(*=0,10)$
10
, reg .
$w \circ x_{0}^{n}=\sum_{j=0}^{n}reg^{}(w\circ x_{0}^{n-j})u\rfloor X_{0}^{j}$ $w\in \mathfrak{h}^{0}$ , (4)
$reg^{0}(w\circ x_{1}\circ x_{0}^{n})=(-1)^{n}(wuIx_{0}^{n})\circ x_{1}$ $n\geq 0,$ $w\in \mathfrak{h}$ . (5)
, $\mathfrak{h}$ Hopf , Hopf
.
2.3
, $\mathfrak{h}$ . $D=\{z=0\}\cup\{z=1\}\cup\{z=\infty\}\subset P^{1}$
.
$x_{0}= \frac{dz}{z}$ , $x_{1}= \frac{dz}{1-z}$
, $X_{1}\in\Omega_{P^{1}}$ (lOg $D$ )( $=D$ 1 ) .
, $\mathfrak{h}$ $w=\omega_{0}0\cdots\circ\omega_{s)}$ $\omega_{i}=x_{0}$ or $x_{1}$ $\int w$
$\int_{a}^{b}\omega_{0}0\cdots 0\omega_{s}=\int_{a}^{b}\omega_{0}(t)\int_{a}^{t}\omega_{1}\circ\cdots 0\omega_{s}$ (6)
. $\omega_{i}(t)$ $\omega_{i}$ $z$ $t$ $t$ 1
, $\int 1=1$ ( ) .
, $P^{1}-D$ . $\varphi$ 0
$0$ . , $\iota u$ , $\int w_{1}\lfloor uw_{2}=(\int u\prime_{1})(\int w_{2})$
.
$\mathfrak{h}^{0}$ $w=x_{0^{1}}^{k-1}x_{1}\cdots x_{0^{r}}^{k-1}x_{1}$ , (1 ) (multiple polyloga-
rithm, MPL) Li$(w;z)$ .
$Li(w;z)=Li_{k_{1},\ldots,k_{r}}(z)=\int_{0}^{z}x_{0^{1}}^{k-1}\circ x_{1}\circ\cdots\circ x_{0^{r}}^{k-1}\circ x_{1}$ . (7)




. $|z|<1$ . $w\in$
$\mathfrak{h}^{10}\Leftrightarrow k_{1}\geq 2$ , $zarrow 1-O$ , { (multiple zeta value, MZV)
$\zeta(w)=\zeta(k_{1}, \ldots, k_{r})=\lim_{zarrow 1-0}Li(w;z)=m>m_{2}>\cdots>m_{f}>0\sum_{1}\frac{1}{m_{1}^{k_{1}}\cdots m_{r^{r}}^{k}}$ (9)




Li$(x_{1};z)=$ Lil $(z)= \int_{0}^{z}\frac{dz}{1-z}=-\log(1-z)=\sum_{m=1}^{\infty}\frac{z^{m}}{m}$ ,
Li $(x_{0}x_{1};z)= Li_{2}(z)=\int_{0}^{z}\frac{dt}{t}\int_{0}^{t}\frac{dz}{1-z}=\sum_{m=1}^{\infty}\frac{z^{m}}{m^{2}}$ , Euler $\sigma$) dilogarithm
Li $(x_{0}^{n-1}x_{1};z)= Li_{n}(z)=\sum_{m=1}^{\infty}\frac{z^{m}}{m^{n}}$ , polylogarithm
Li $(x_{1}x_{1};z)=$ Lil,1 $(z)= \int_{0}^{z}\frac{dz}{1-z}$ Li $(x_{1};z)= \frac{\log^{2}(1-z)}{2}=m_{1}>m>0\sum_{2}\frac{z^{m_{1}}}{m_{1}m_{2}}$ ,
$Li(x_{1}^{ll};z)=Li_{1,\ldots,1}(z)\tilde{n}=\frac{(-\log(1-z))^{n}}{n!}=\sum_{m_{1}>\cdots>m_{n}>0}\frac{z^{m_{1}}}{m_{1}\cdots m_{n}}$ .
$wx_{0}^{7l},$ $w\in \mathfrak{h}^{0}$
Li $(wx_{0}^{n};z)= \sum_{j=0}^{n}$ Li $( reg^{}(wx_{0}^{n-j});z)\frac{\log^{j}z}{j!}$ (10)
. $Li(x_{0};z)=\log z$ , $ul$ - $Li(wu!w’;z)=Li(w;z)Li(w’;z)$
$\mathfrak{h}$ . , $w\in \mathfrak{h}$
( $w\in \mathfrak{h}^{0}$ ).
$\frac{dLi(x_{0}w;z)}{dz}=\frac{1}{z}Li(w;z)$ , (11)
$\frac{dLi(x_{1}w;z)}{dz}=\frac{1}{1-z}Li(w;z)$ . (12)
$w\in \mathfrak{h}$ Li$(w;z)$ $P^{1}-D$ .




$\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot$ $—–$ $——$$\neg$– $-\cdot\cdot.\cdot\cdot\cdot\cdot\cdot\div$
$\frac-----\underline{\frac{5\pi<\arg z\leq 7\pi 3\pi<\arg z\leq 5\pi}{\pi<\arg z\leq 3\pi}}----------$ $———- \frac.\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot------\frac{3\pi<\arg 1-z\leq 5\pi 0^{r}\pi<\arg 1-z\leq 7\pi}{\pi<\arg 1-z\leq 3\pi}\cdot\cdot\cdot.\cdot\cdot\cdot\cdot.-.\cdot.\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot$
$\frac{-\pi}{\underline-3}\frac{-1\backslash -}{\pi<\arg z\leq-\pi-----------\underline{3\pi<\arg 1-z\leq-\pi}<\arg z\leq\pi^{0^{\backslash \Gamma}}3,.1_{-\pi<\arg 1-z\leq\pi}..\cdot.\cdot\cdot.\cdot.\cdot\cdot.\cdot\cdot-:}\cdot.\cdot\cdot\cdot\backslash .\cdot\cdot-$
, .
1. $K$ $P^{1}-\{0,1, \infty\}$ . $K$
$ill_{K}$ , $w\in \mathfrak{h}$
$|Li(w;z)|<\Lambda l_{K}$ $\forall z\in K$ (13)
.
2.4 , ,
$w$ $|w|$ , $d(w)$ , $h(w)$ .
$|w|=w$ , (14)
$d(w)=w$ , (15)
$h(w)=(W$ $x_{1}x_{0}$ $)$ $+1$ . (16)













$w=x_{0}^{k_{1}-1}x_{1}\cdots x_{0^{f}}^{k-1}x_{1}\in \mathfrak{h}^{10}$ $h(w)=\#\{i|k_{i}\geq 2\}$ .






$H_{0}(z)= \sum_{w}$ Li $(\uparrow v;z)W$ (20)
. $\mathfrak{h}$ , $W$ $w$ $x_{0},$ $x_{1}$ $X_{0},$ $X_{1}$
. $H_{0}(z)$ KZ $H_{0}(z)z^{-X_{0}}arrow I(zarrow$
$0$ in 3) , ( KZ
Fuchs , ).
$H_{0}(z)^{-1}= \sum_{w}Li(S(w);z)W$ (21)
. $S$ $\circ$- $S(x_{0})=-x_{0},$ $S(x_{1})=$ , Hopf
.
, $H_{1}(z)$ KZ $H_{1}(z)(1-z)^{X_{1}}arrow I(zarrow 1$ in J $)$
. $\tau$ : $\mathfrak{h}$ $\circ$- $\tau(x_{0})=x_{1},$ $\tau(x_{1})=x_{0}$
,
$H_{1}(z)= \sum_{w}Li(\tau(w);z)W$
. $H_{0}(z)$ $H_{1}(z)$ Drinfel’d associator ,
$\Phi_{KZ}(X_{0}, X_{1})$ .
$\Phi_{KZ}(X_{0}, X_{1})=H_{1}^{-1}(z)H_{0}(z)$ (22)






, $0,1,$ $\infty$ . 2
KZ - $[OiU]$ $2$ KZ
2 ” .
26.1 KZ









$\hat{\mathcal{L}}(z)=\sum_{s=0}^{\infty}\hat{\mathcal{L}}_{8}(z)$ , $\hat{\mathcal{L}}_{0}(z)=I$ ,
$s>0$ $\hat{\mathcal{L}}_{s}(z)$ $\mathcal{U}(\sim \mathfrak{T})$ $s$ , $z=0$
$\hat{\mathcal{L}}_{s}(0)=0$ , . $\hat{\mathcal{L}}(z)$
$\frac{d}{dz}\hat{\mathcal{L}}(z)=\frac{[X_{0},\hat{\mathcal{L}}(z)]}{z}+\frac{X_{1}\hat{\mathcal{L}}(z)}{1-z}$
( [, ] $\hat{\mathcal{L}}(z)$ ). , $z=0$
$\hat{\mathcal{L}}_{0}(z)=I$
$\hat{\mathcal{L}}_{s+1}(z)=\int_{0}^{z}(\frac{dz}{z}[X_{0},\hat{\mathcal{L}}_{s}(z)]+\frac{dz}{1-z}X_{1}\hat{\mathcal{L}}_{8}(z))$





, KZ Fuchs ,
. $0,1,$ $\infty$
, (hyperlogarithm) . 1
$n$ Dirichlet $L$ ( $L$ ),





$\ldots,$ $a_{n}\in C-\{0\}$ , $(X_{0}, X_{1}, \ldots, X_{n})$ $X_{0},$ $X_{1},$ $\ldots,$ $X_{n}$
Lie ( ) , $\mathfrak{H}(X_{0}, X_{1}, \ldots, X_{n})$
$\frac{dG}{dz}=(\frac{X_{0}}{z}+\frac{a_{1}X_{1}}{1-a_{1}z}+\cdots+\frac{a_{n}X_{n}}{1-a_{n}z})G$ (24)
.
$\mathcal{L}(z)=\hat{\mathcal{L}}(z)z^{X_{0}}$ , $\hat{\mathcal{L}}(z)$ , $\hat{\mathcal{L}}(0)=I$ ,
$\hat{\mathcal{L}}(z)=\sum_{s=0}^{\infty}\hat{\mathcal{L}}_{s}(z)$ , $\hat{\mathcal{L}}_{0}(z)=I$ ,
$\hat{\mathcal{L}}_{s+1}(z)=\int_{0}^{z}(\frac{dz}{z}[X_{0},\hat{\mathcal{L}}_{s}(z)]+\sum_{i=1}^{n}\frac{a_{i}dz}{1-a_{i}z}X_{i}\hat{\mathcal{L}}_{s}(z))$







. . . $o(\frac{dz}{z})^{k_{r}-1}0\frac{a_{i_{f}}dz}{1-a_{i_{r}}z}$ (26)
. $P^{1}-\{0, \frac{1}{a_{1_{1}}}, \cdots, \frac{1}{a_{l_{f}}} , \infty\}$ , $|z|< \min\{\frac{1}{|a:_{1}|}, \ldots, \frac{1}{|a:_{f}|}\}$





KZ , Drinfel’d associator Lie
, $\mathfrak{h}$ ,



























. , , , ,
. ,
-Zagier ([OZ]) , -Zagier
Fuchs .
3.1 KZ
$\mathcal{U}(-\mathfrak{T})=C\{X_{0},$ $X_{1}\rangle$ $n$ $\rho$ : $\mathcal{U}(\sim \mathfrak{T})arrow M(n, C)$ ,
$\frac{dG}{dz}=(\frac{\rho(X_{0})}{z}+\frac{\rho(X_{1})}{1-z})G$ (28)
KZ ( $\rho$ ) . ,
$\rho(H_{0}(z)):=\sum_{w}Li(w;z)\rho(W)$ (29)
$H_{0}(z)$ ( $\rho$ ) . $\rho(H_{0}(z))$ ,
, $M(n, C)$ (28)
.
3.2 Gauss ,
$\alpha,$ $\beta,$ $\gamma$ , $\rho_{0}$ : $\mathcal{U}$ ( ) $arrow$ M(2, C),
$\rho_{0}(X_{0})=(\begin{array}{ll}0 \beta 0 1-\gamma\end{array}),$ $\rho_{0}(X_{1})=(\begin{array}{llll}0 0 \alpha \alpha+\beta +l- \gamma\end{array})$ (30)
. KZ $p_{0}$
$\frac{d}{dz}G=(\frac{1}{z}(\begin{array}{lll}0 \beta 0 l- \gamma\end{array})+ \frac{1}{1-z}(\begin{array}{llll}0 0 \alpha \alpha+\beta +1- \gamma\end{array}))G$ (31)
Gauss
$z(1-z) \frac{d^{2}w}{dz^{2}}+(\gamma-(\alpha+\beta+1)z)\frac{dw}{dz}-\alpha\beta w=0$ (32)
.
$\alpha,$ $\beta,$ $\gamma,$ $\gamma-\alpha-\beta$ .
18
, Gauss (31) $z=i(i=0,1, \infty)$
$\Phi_{i}$ .
$\Phi_{i}=(_{\frac{1}{\beta}z\frac{\varphi_{d}0}{dz}\varphi_{0}^{(i)}}(i)$ $\frac{1}{\beta}z\frac{\varphi_{1}d}{dz}\varphi_{1}^{(i))}(i)$ , (33)
$\{$ $\varphi_{1}^{(0)}(z)\varphi_{0}^{(0)}(z)==F(\alpha,\beta,\gamma;z)z^{1-\gamma}F(\alpha+1=\sum_{-\gamma,\beta+}n\infty=0_{2-\gamma;}\frac{(\alpha)_{n}(\beta)_{n}}{1-\gamma)(\gamma)_{n}n!}z^{n},z)$
$\{\begin{array}{l}\varphi_{0}^{(1)}(z)=F(\alpha, \beta, \alpha+\beta+1-\gamma;1-z),\varphi_{1}^{(1)}(z)=(1-z)^{\gamma-\alpha-\beta}F(\gamma-\alpha, \gamma-\beta,\gamma-\alpha-\beta+1;1-z),\end{array}$
$\{\begin{array}{l}\varphi_{0}^{(\infty)}(z)--- z^{-\alpha}F(\mathfrak{a}, \alpha+1-\gamma, \alpha-\beta+1;1/z),\varphi_{1}^{(\infty)}(z)=z^{-\beta}F(\beta, \beta+1-\gamma, \beta-\alpha+1;1/z).\end{array}$
$\Phi_{i}$ .
$\Phi_{1}^{-1}\Phi_{0}=C^{01},$ $C^{01}=(\begin{array}{ll}\frac{\Gamma(\gamma)\Gamma(\gamma-\alpha-\beta)}{\Gamma(\gamma-\alpha)\Gamma(\gamma-\beta)} \frac{\Gamma(2-\gamma)\Gamma(\gamma-\alpha-\beta)}{\Gamma(1-\alpha)\Gamma(l-\beta)}\frac{\Gamma(\gamma)\Gamma(\alpha+\beta-\gamma)}{\Gamma(\alpha)\Gamma(\beta)} \frac{\Gamma(2-\gamma)\Gamma(\alpha+\beta-\gamma)}{\Gamma(\alpha+l-\gamma)\Gamma(\beta+l-\gamma)}\end{array})$ , (34)













$M=\{\begin{array}{ll}[Matrix] (W\in X\text{ }Y), [Matrix] (W\in Y\text{ }Yor W=Y),[Matrix] (W\in X\mathfrak{H}Xor W=X), [Matrix] (W\in Y\mathfrak{H}X).\end{array}$
(37)
$p=1-\gamma,$ $q=\alpha+\beta+1-\gamma$ , , , $\mathfrak{h}$
.
1, 2, $k$ $\mathfrak{h}$ $2^{k}$ , $\rho_{0}(H_{0}(z))$
$|1-\gamma|,$ $|\alpha+1-\gamma|,$ $|\beta+1-\gamma|,$ $| \alpha+\beta+1-\gamma|<\frac{1}{2}$ $P^{1}-\{0,1, \infty\}$
. , $p_{0}(H_{0}(z))$ $\Phi_{0}$ .
3.
$\Phi_{0}(z)=\rho_{0}(H_{0}(z))(\begin{array}{ll}1 10 \frac{1-\gamma}{\beta}\end{array})$ . (38)
, . , $z=0$
.
4. $|1-\gamma|,$ $|\alpha+1-\gamma|,$ $|\beta+1-\gamma|,$ $| \alpha+\beta+1-\gamma|<\frac{1}{2}$ .
$\varphi_{0}^{(0)}(z)=F(\alpha, \beta, \gamma;z)\}$
$F( \alpha, \beta,\gamma;z)=1+\alpha\beta\sum_{n\geq s}G_{0}(k, n, s;z)k,n,s>0k\geq n+s$
$\cross(1-\gamma)^{k-n-s}(\alpha+\beta+1-\gamma)^{n-s}((\alpha+1-\gamma)(\beta+1-\gamma))^{s-1}$ (39)
. $P^{1}-\{0,1, \infty\}$ .
$z=1$ . ${}^{t}\Phi_{1}^{-1}$
. $t=1-z$ , $\rho_{1}$ : $\mathcal{U}(X)arrow M(2, C)$
$\rho_{1}(X_{0})={}^{t}\rho_{0}(X_{1})=(\begin{array}{ll}0 \alpha 0 q\end{array}),$ $\rho_{1}(X_{1})={}^{t}\rho_{0}(X_{0})=(\begin{array}{ll}0 0\beta p\end{array})$ (40)
20
. ${}^{t}\Phi_{1}^{-1}$ KZ $\rho_{1}$
$\frac{d}{dt}G=(\frac{\rho_{1}(X_{0})}{t}+\frac{p_{1}(X_{1})}{1-t})G$ (41)
$t=0$ . $p_{1}(H_{0}(t))$ .
. , (41), $\rho_{1}(H_{0}(t))$
$|_{\llcorner}’$ $Zarrow t$ , $(\alpha, \beta,p, q)arrow(\beta, \alpha, q,p)$
.















$((\Phi_{0})_{11}=F(\alpha,$ $\beta,$ $\gamma;z),$ $( \Phi_{0})_{21}=\frac{1}{\beta}z\frac{d}{dz}(\Phi_{0})_{11}$ $)$ .
3.4
$(\Phi_{1}^{-1})_{11},$ $(\Phi_{0})_{11},$ $(\Phi_{1}^{-1})_{12)}(\Phi_{0})_{21}$ $p=1-\gamma,$ $q=\alpha+\beta+1-\gamma,$ $r=$
$(\alpha+1-\gamma)(\beta+1-\gamma)$ ,




, $c$ Euler $(c= \lim_{narrow\infty}(\sum_{k=1}^{n}\frac{1}{k}-\log n))$ . , $a=(a_{1}, a_{2}, \ldots)1$
, Schur $P_{n}(a)$
$\exp(\sum_{n=1}^{\infty}a_{n}z^{n})=\sum_{n=0}^{\infty}P_{n}(a)z^{n}$ . $P_{0}(a)=1$ , (46)
$\underline{a_{1}^{k_{1}}}\underline{a_{2}^{k_{2}}}\underline{a_{3}^{k_{3}}}\ldots$
$P_{n}(a)= \sum_{k_{1}+2k_{2}+3k_{3}+\cdots=n}k_{1}!k_{2}!k_{3}!.$
. $(n\geq 1)$ . (47)
$N_{i,j}$ . $N_{i_{1}j}=0(i,j<0),$ $N_{00,)}=1$ ,
$a^{n}+b^{n}= \sum_{i_{l}j}N_{i,j}(a+b)^{i}(ab)^{j}$
$($ $i+2j=n)$ . (48)
, (44) .
6. $\zeta=(0, \frac{\zeta(2)}{2}, \frac{\zeta(3)}{3}, \frac{\zeta(4)}{4}, \cdots),$ $p=1-\gamma,$ $q=\alpha+\beta+1-\gamma,$ $r=(\alpha+1-\gamma)(\beta+1-\gamma)$
,
$\frac{\Gamma(\gamma)\Gamma(\gamma-\alpha-\beta)}{\Gamma(\gamma-\alpha)\Gamma(\gamma-\beta)}=$
$\sum_{k,l,m=0}^{\infty}(\sum_{i=0}^{k}\sum_{j=0}^{l}\sum_{\mu=0}^{m}(\begin{array}{ll}i+ ji \end{array})P_{k-i}( \zeta)P_{l-j}(\zeta)P_{\mu}(-\zeta)P_{i+j+2m-\mu}(-\zeta)N_{i+j,m-\mu})$
$\cross p^{k}q^{\iota}r^{m}$ . (49)
3.5 $z=0,1$ (1, 1)
(34) (1, 1) (44) , $p^{k}q^{\iota}r^{m}$
.
7. $\overline{G}_{*}(k, n, s;z)=G_{*}(k, n, s;z)-G_{*}(k, n, s+1;z)$ $(*=0,10)$ .
$\overline{G}_{10}(k+l+2m,$ $l+m,$ $m;z)+\overline{G}_{10}(k+l+2m,$ $k+m,$ $m;1-z)$
$+ \sum_{k+k=k}(\prime m’$ ,
$m+m”=m!^{+l’’=l}$
’
$+\overline{G}_{0}(k’+\iota+2m^{\llcorner}1,$ $l’+m’,$ $m’;z)G_{0}(k’’+\iota’+2m’’+1,$ $k”+m”+1,$ $m”+1;1-z))$
$= \sum_{i=0}^{k}\sum_{j=0}^{l}\sum_{\mu=0}^{m}(\begin{array}{ll}i+ ji \end{array})P_{k-i}( \zeta)P_{l-j}(\zeta)P_{\mu}(-\zeta)P_{i+j+2m-\mu}(-\zeta)N_{i+j,m-\mu}$. (50)
22
7 , $zarrow 1$
.
$\lim_{zarrow 1}G_{10}(k,$ $n,$ $s,$ $z)=G_{10}(k,$ $n,$ $s;1)$ ,
$\lim_{zarrow 1}G_{10}(k,$ $n,$ $s;1-z)=0$ ,
$\lim_{zarrow 1}G_{0}(k, n, s;z)G_{0}(k’,$ $n’,$ $s’;1-z)=0$
,
$\overline{G}_{10}(k+l+2m, l+m, m;1)=\overline{G}_{10}(k+l+2m, k+m, m;1)$
$= \sum_{i=0}^{k}\sum_{j=0}^{l}\sum_{\mu=0}^{m}(\begin{array}{ll}i+ \dot{J}i \end{array})P_{k-i}( \zeta)P_{l-j}(\zeta)P_{\mu}(-\zeta)P_{i+j+2m-\mu}(-\zeta)N_{i+j,m-\mu}$ (51)
( -Zagier ). Drinfel‘dassociator $\Phi_{KZ}(X_{0}, X_{1})$
$\rho_{0}$





$(($50 $)$ $)$ $|_{m=0,l=1}=- Li_{k+1}(z)-Li_{2,1,\ldots,1}(1-z)-\sum_{i=1\check{k-1|\S}}^{k}Li_{i}(z)$ Li
$k\check{-i+1}ffi1,..,1(1-z)$
(52)
$(($ 50 $)$ $)|m=0,l=1$




$m=0,$ $l=2$ , (50) .
$Li_{k+1,1}(z)+Li_{3_{7}1,1}(1-z)k-1’\check{\beta}+Li_{1}(z)Li_{2_{I}1,.,1}(1-z)k-1^{\cdot}\check{R}+\sum_{i=1}^{k}Li_{i,1}(z)$ Li
$k\check{-:+1}\emptyset 1)..,1(1-z)$
$= \frac{k+1}{2}\zeta(k+2)-\frac{1}{2}\sum_{i=1}^{k-1}\zeta(i+1)\zeta(k-i+1)$ . (55)
23
, $zarrow 1$ Euler $\zeta(k, 1)$ .
$\zeta(k+1,1)-\frac{k+1}{2}\zeta(k+2)+\frac{1}{2}\sum_{i=1}^{k-1}\zeta(i+1)\zeta(k-i+1)=0$ . (56)
(44) $\alpha^{1}$ , $p=1-\gamma,$ $q’=$
$\beta+1-\gamma$ .
8. $k>n>0$ ,
$\sum_{s}G_{10}(k, n, s;z)+\sum_{s}G_{10}(k, k-n, s;1-z)$
$+$
$\sum_{k’+k’’=k,n+n=n}\sum_{s’}G_{0}(k’, n’, s’;z)\sum_{s’’}G_{0}(k’’, k’’-n’’, s’’;1-z)=\zeta(k)$
(57)
$zarrow 1$ Graville-Zagier
$\sum_{s}G_{10}(k, n, s;1)=\zeta(k)$ (58)
. , .
3.6 $z=\infty$
$z=0$ $z=\infty$ . $u= \frac{1}{z}$
, $\rho_{\infty}$ : $\mathcal{U}(X)arrow M(2, C)$







$\Phi_{\infty}^{-1}=\frac{\beta}{\beta-\alpha}(\begin{array}{ll}1 l-\frac{\alpha}{\beta} -1\end{array}) \rho_{\infty}(H_{0}(u))^{-1}$ ,
$p_{\infty}(H_{0}(u))^{-1}= \sum_{w}Li(S(w);u)\rho_{\infty}(W)$ . (60)
$\rho_{\infty}(H_{0}(u))^{-1}$ , $\betaarrow 0$
. $\betaarrow 0$
$\rho_{\infty}(X_{0})\sim(\begin{array}{ll}0 0\alpha \alpha\end{array})$ $\rho_{\infty}(X_{1})\sim(\begin{array}{ll}0 0\alpha \alpha+p\end{array})$ (61)
, $z=\infty$ .
9.
$\lim_{\betaarrow 0}\rho_{\infty}(H_{0}(u))^{-1}=(\begin{array}{ll}1 0H_{21} H_{22}\end{array})$ (62)
$H_{21}= \sum_{k=1}^{\infty}(-1)^{k}\frac{\log^{k}u}{k!}\alpha^{k}+\sum_{k\geq n\geq 1}Li_{1_{\check{nM}}1}(u)\frac{\log^{k-n}u}{(k-n)!}\alpha^{k-n}(\alpha+p)\}\iota$
$+p \sum_{k>n\geq 1}(-1)^{k}\sum_{i=0}^{k-n-1}(-1)^{k-n-1-i}Li_{k-n-i+1,1,..,1}(u)\frac{\log^{i}(u)}{i!}\alpha^{k-n}(\alpha\check{n-1m}+p)^{n}$ (63)
$H_{22}= \sum_{k\geq n\geq 0}(-1)^{k}Li_{1_{\check{nM}}1}(u)\frac{\log^{k-n}.u}{(k-n)!}\alpha^{k-n}(\alpha+p)^{n}$ (64)
$z=0,$ $z=\infty$ $\alpha^{m}(\alpha+1-\gamma)^{n}$
, .
10. $m,$ $n$ , $z\in P^{1}-\{0,1, \infty\}$ ,
$\frac{\log^{m}\frac{1}{z}}{m!}-\sum_{i=0}^{m-1}(Li_{m-i}(z)+(-1)^{m-i}Li_{m-i}(\frac{1}{z}))\frac{\log^{i}\frac{1}{z}}{i!}=(-1)^{m}B_{m}\frac{(2\pi i)^{m}}{m!}$ , (65)
$\sum_{i=0}^{m-1}(-1)^{n+i+1}Li_{m-i,1_{\check{n\beta}}1}(\frac{1}{z})\frac{\log^{i}\frac{1}{z}}{i!}+\sum_{i=0}^{m-1}))\check{n-1ffi}$




$\lim_{zarrow 1\in 3}Li_{k_{1},\ldots,k_{r}}(\frac{1}{z})=\lim_{zarrow 1\in 3}Li_{k_{1},\ldots,k_{r}}(z)=\zeta(k_{1}, \ldots, k_{r})$ $(k_{1}\geq 2)$
, $z\in 3$ $zarrow 1$ , (65)
$-2 \zeta(m)=B_{m}\frac{(2\pi i)^{m}}{m!}$ ( $m$ : ) (67)














( $m$ : )
(71)
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